Context. Electromagnetic waves arise in many area of physics. Solutions are difficult to find in the general case. Aims. In this paper, we numerically integrate Maxwell equations in a 3D spherical polar coordinate system. Methods. Straightforward finite difference methods would lead to a coordinate singularity along the polar axis. Spectral methods are better suited to deal with such artificial singularities related to the choice of a coordinate system. When the radiating object is rotating like for instance a star, special classes of solutions to Maxwell equations are worthwhile to study such as quasi-stationary regimes. Moreover, in high-energy astrophysics, strong gravitational and magnetic fields are present especially around rotating neutron stars.
Introduction
Nature do not offer us much places in the Universe where to test our current theories of gravity and electromagnetism simultaneously. However and fortunately strong magnetic and gravitational fields exist inside and around neutron stars. They represent valuable laboratories to check our current theories in the strong field regime. Curvature of space-time is important because of the stellar compactness of about
where R is the neutron star radius, M its mass, R s = 2 G M/c 2 its Schwarzschild radius, c the speed of light and G the gravitational constant. Moreover, neutron stars are strongly magnetized objects, harbouring fields as high as the critical value of B Q ≈ 4,4 · 10 9 T or even higher. These regimes of strong gravity and magnetic fields are unreachable on Earth even separately.
Since the exact analytical solution for a static dipole in general relativity (GR) found by Ginzburg & Ozernoy (1964) and those for multipolar terms in a spherically symmetric vacuum gravitational field by Wald (1972) , several authors looked deeper into the effect of rotation with emphasizes to neutron stars. In vacuum, Maxwell equations remain linear even in a background gravitational field. This helped Rezzolla et al. (2001) ; Zanotti & Rezzolla (2002) ; ⋆ E-mail: jerome.petri@astro.unistra.fr Rezzolla & J. Ahmedov (2004) to compute the electromagnetic field in the exterior of a slowly rotating neutron star. They gave approximate analytical expressions for the external electromagnetic field close to the neutron star which have later also been reported by Pétri (2013) . Kojima et al. (2004) extended the previous work by solving numerically the equations for the oblique rotator in vacuum in general relativity. They retrieve Rezzolla et al. (2001) results close to the surface and the Deutsch solution (Deutsch, 1955) for distances larger than the light cylinder r ≫ r L where r L = c/Ω and Ω is the rotation speed of the star.
Whereas quantum electrodynamics (QED) effects are known to be relevant for wave propagation in the birefringent vacuum as described by Adler (1971) ; Herold (1979) ; Arons & Barnard (1986) ; Baring (1988) or in the review by Meszaros (1992) ; Harding & Lai (2006) ; Lai (2015) , less attention has been focused so far to the whole picture of the magnetosphere. Let us mention the work of Heyl & Hernquist (1997) who computed corrections to a dipole to first order for any strength of the magnetic field following Heisenberg & Euler (1936) effective Lagrangian. This result has recently been generalized by Pétri (2016b) taking into account the curvature of space-time following the 3+1 formalism developed by Pétri (2015a) . We apply this formalism to a rotating monopole and dipole. Such corrections are relevant for magnetars, those neutron stars with the strongest magnetic fields known in the Universe (Turolla et al., 2015) .
One of the mystery of the global electrodynamics of pulsar or neutron star magnetosphere is symbolized by the braking index n relating the braking torque to the rota-tion rate Ω of the star byΩ ∝ −Ω n where a dot means derivative with respect to time. For a pure dipole rotating in vacuum, it should be very close to n = 3, see for instance Roberts & Sturrock (1973) for the dipole and the general case of a multipole of order ℓ being n = 2 ℓ + 1 as given in Krolik (1991) , see also Pétri (2015c) for the exact expression taking into account the finite size of the star. In the dipole case Pétri (2016a) showed that this result is not affected by the presence of a plasma in the magnetosphere in general relativity. Hamil et al. (2015) summarize the state of the art in the measurements of pulsar braking indices. They are all less than 3, some of them much smaller, closer to 1 or 1.5 thus definitely ruling out a pure dipolar field in vacuum, force-free (FFE) or MHD regime. See however a very recent outsider reported by Archibald et al. (2016) to have n = 3.15. Could QED effects account for this discrepancy? Dupays et al. (2012) claimed that QED can indeed strongly impact on the braking index. Starting from this assertion Xiong et al. (2016) proposed to test the hypothesis of superstrong magnetic field in magnetars by inspection of their energy loss that should be dominated by quantum vacuum friction. Even more recently Coelho et al. (2016) build on this quantum vacuum friction effect and arrived at the same conclusion within a factor 2. Unfortunately as reported in this work, we do not retrieve their results. Their expression for QED corrections adds a spindown luminosity depending on Ω 2 therefore resembles to radiation from a magnetic monopole very similar to the split monopole solution. Maxwell theory of electromagnetism does not allow radiation from a magnetic monopole in vacuum. Moreover, non linear electrodynamics of a rotating dipole would induce higher multipoles with mode numbers ℓ 1 due to non-linearities but never a ℓ = 0 multipole. It is thus very difficult to understand the origin of the quantum vacuum luminosity given by these authors.
In this paper, we develop a pseudo-spectral discontinuous Galerkin method in space in the weak formulation to solve Maxwell equations in spherical coordinates using our formalism in general relativity with the effective EulerHeisenberg QED Lagrangian. The set of equations and the solution techniques are reminded in Section 2. The algorithm is discussed in depth in Section 3. Results for the dipole in classical flat space-time and with strong field corrections from GR and QED are presented in Section 4 for vacuum case and in Section 5 for FFE case. We conclude about possible extensions of this work in the concluding remarks of Section 6.
Non linear electrodynamics in general relativity
In this section, we remind the equations satisfied by the electromagnetic field in general relativity, including quantum electrodynamical corrections following the 3+1 formalism detailed in Pétri (2015a) . These equations are then written in component form introducing contravariant and covariant components for the electromagnetic tensor and related fields. Eventually, we explain how to solve this system numerically.
The field equations
In a 3+1 foliation of spacetime, the equations for the electromagnetic field are very similar to their flat spacetime counterpart. Indeed, Maxwell equations taking into account general-relativistic as well as quantum electrodynamical corrections are given by
supplemented with the initial condition on the divergence
γ represents the determinant of the spatial metric, J the current density and (E, B, D, H) the various representative electromagnetic fields. In order to include QED effects, we furthermore introduce two auxiliary vector fields denoted by F and G. One set of constitutive relations is derived from the 3+1 decomposition of space-time and reads
The space-time geometry is described by the lapse function α, the shift vector β β β and the spatial metric γ ab whose determinant is γ. The other set is derived from the EulerHeisenberg Lagrangian and given by introducing two parameters (ξ 1 , ξ 2 ) such that
From the first order perturbation of the Lagrangian of the electromagnetic field, we found that these two parameters are given by
In the Euler-Heisenberg prescription we have immediately that
with α sf the fine structure constant and B Q ≈ 4,4·10 9 T the critical magnetic field strength. Note that the perturbations to Maxwell equations are treated as done in gravitational theory by using post-Newtonian expansion requiring several parameters. In any case the corrections remain small that is (η 1 , η 2 ) ≪ 1. It would therefore in principle be possible to use the Born-Infeld Lagrangian in the weak field limit if we set
with b = 9,18 · 10 11 T the empirical maximal absolute field strength in Born-Infeld theory. To summarize we have six vector fields (F, B, E, H, D, G) satisfying two evolution equations (2a),(2b) two constraints (2c),(2d) and four constitutive relations eq.(3a), (3b), (4a) and (4b) .
Field equations in component form
In order to deal with any kind of curvilinear coordinate system, we write the field equations in component form adapted to an absolute space x a and a time coordinate t as described by an observer with four velocity n i , indices a to h span the spatial part whereas indices starting from i span the four-dimensional space-time. The time evolution of the electric and magnetic fields D and B is therefore given by
with the constitutive relations expressed to first order in the QED parameters
and the constraint equations
In the slow rotation approximation frequently used for neutron stars, the metric is essentially described by two parameters: the Schwarzschild radius defined by
and the spin parameter a s which is left as a free quantity. A reasonable choice for spherically symmetric neutron stars would be
The spatial metric is given in spherical Boyer-Lindquist coordinates by
where the lapse function is
and the shift vector
and in contravariant components the only non vanishing term is simply β ϕ = −ω/c. See Pétri (2013 Pétri ( , 2014 Pétri ( , 2015b ) for more details about the 3+1 foliation.
Vacuum polarization
Electrodynamics in the presence of strong electromagnetic fields can be described by the above non linear Maxwell equations derived from an effective Lagrangian computed in the limit B ≪ B Q by Euler and Heisenberg. Quantum electrodynamics describes vacuum as a polarized and magnetized media without external current density J = 0 or charge density ρ = 0.
The usual convention in special relativity introduces the vector fields (D, H) according to the first order expansion in the fine structure constant, as given for example by Euler and Heisenberg Lagrangian by
If we include the effect of a gravitational field, in our new convention, the vector fields (F, G) must be understood as being the vector fields (D, H) as seen in eq. (4) whereas (F, B) are the fields measured by a local observer. The field eq. (2) evolve the primary vectors B and D. The other auxiliary fields are deduced from the four constitutive relations. The implementation of the numerical algorithm is as follows. To advance all the quantities one time step into the future, let us assume that the fields B and D are known at the initial stage. Then F can be retrieved from eq. (4a). Next from the knowledge of F and B the fields E and G are retrieved through eq. (3). Finally H is obtained from eq. (4b) knowing E and G from the previous calculation. This completes one full time step to advance the primary fields B and D. The constitutive relations from general relativity are linear such that it is straightforward to compute the two unknown fields from the two known fields. The complication arises from the vacuum polarization relations because they are non linear. Getting F from B and D would be difficult because eq. (4a) is non linear in the unknown F because of the parameter ξ 1 . Nevertheless, as our equations are valid only up to first order in the fine structure constant, it is sufficient to invert this relation to the same order of accuracy. Therefore, we only need to plug D into the parameters ξ 1 and ξ 2 instead of F. This trick enables us to compute straightforwardly the auxiliary fields without resorting to an inversion of a non linear system. For numerical purposes, for the remainder of this paper, we normalize electromagnetic quantities with respect to the critical field B Q and its derivatives like c B Q , ε 0 c B Q , B Q /µ 0 for the other fields and use units with c = ε 0 = µ 0 = 1. Denoting these fields with lower cases, the normalized system to be solved reads
with the normalized parameters in Euler-Heisenberg QED to first order
Note that we replaced f by d as previously discussed.
3. Algorithm
Boundary conditions
As in Pétri (2014) and in Pétri (2016a) we put boundary conditions on the neutron star surface according to the magnetic frozen in assumption. In the most general regime, including gravitation and vacuum polarization, the jump conditions at the stellar surface still enforce continuity of the normal component of the magnetic field B r and continuity of the tangential component of the electric field {E ϑ , E ϕ }. More explicitly, they are such that
However, the stationary magnetic field B r 0 contains corrections due to QED. We treat the problem to first order in the perturbation of the Lagrangian but to any order in the compactness. Approximate analytical solutions for a strongly magnetized oblique dipole in general relativity are given by Pétri (2016b) . We use these expressions for the stellar interior.
The continuity of B r automatically implies the correct boundary treatment of the electric field. B r 0 (t, ϑ, ϕ) represents the, possibly time-dependent, radial magnetic field imposed by the star, let it be monopole, split monopole, oblique dipole or multipole.
Maxwell equations in QED vacuum are
We look for the characteristics propagating along the radial direction. To this end, we isolate expressions containing the radial propagation that is ∂ r and ∂ t . Eliminating all useless terms for this radial propagation, the system reduces to
The covariant components of the spatial vectors D and B are giving by lowering the indexes such that for a diagonal spatial metric given by eq. (13) we have
(22d) Injecting the constitutive relations into the evolution equations and defining the unknown vector
the system can be cast into the conservative form ∂ t U + ∂ r (A U ) = 0 with
For the slowly rotating metric in spherical Boyer-Lindquist coordinates these expressions simplify. The eigenvalues for the electromagnetic waves propagating in the QED vacuum in general relativity are given to first order in the parameters (ξ 1 , ξ 2 ) by (−β r ± α 2 ) c (25) and the eigenvectors by
The characteristics that propagate are
The outer boundary condition cannot be handled exactly. We need to make some approximate assumptions about the outgoing waves we want to enforce in order to prevent reflections from this artificial outer boundary. Using the Characteristic Compatibility Method (CCM) described in Canuto et al. (2007) and neglecting frame-dragging and strong field effects far from the neutron star, the radially propagating characteristics are given to good accuracy by their flat space-time counterpart as
In order to forbid ingoing wave we ensure that
29b) whereas the other two characteristics are found by 
Vacuum results
We apply our new code to some typical magnetic field topologies such as a pure monopole and a pure dipole magnetic field taking into account GR and QED. Four different regimes are investigated corresponding to Newtonian or general-relativistic and quantum or classical (in the quantum sense) approximation. As a representative sample of these four approaches, we use typical parameters summarized in table 1. We start with axisymmetric fields and then discuss about the orthogonal and oblique dipole rotator. If not specified otherwise, we use a five points Legendre interpolation scheme for vacuum fields and a three points scheme (quadratic polynomials) for FFE fields in each cell in the radial direction. The numerical resolution for vacuum fields is N r × N ϑ × N ϕ = 128 × 8 × 16 and for FFE fields we use N r × N ϑ × N ϕ = 64 × 32 × 64. We also introduce the normalized rotation rate as a = R/r L .
Vacuum monopole
For the monopole magnetic field, we compare the electric field components found from the simulations to those obtained for the classical Newtonian (in the sense of non relativistic and non quantum mechanical) rotating monopole. The non vanishing covariant components of the electric field are represented by the potential
This function is compared to the simulations in fig. 1 . The analytical results is retrieved to very good accuracy, more than 5 digits in classical but also in the quantum case. Actually both results are undistinguishable, they overlap perfectly. We conclude that QED has little impact on the monopolar electromagnetic field structure and can be neglected. This can directly be derived from the weakness of the correcting factors (ξ 1 , ξ 2 ) which bring perturbations to Maxwell equations of the order of several times
QED corrections do not have a significant impact on the global topology of the magnetosphere. The same observations apply to the general-relativistic fields. Indeed, some approximate solutions are known to first order in R s and given by eq. (27) in Pétri (2015b) . We compare this analytical solution for f D 1,0 to the output of our simulations in fig. 2 . Both simulation results overlap and agree with the approximate analytical solution. GR leads to much stronger perturbations of the electromagnetic field compared to QED. Here also we can neglect its influence.
Vacuum aligned dipole
The same study is performed for the rotating dipole. We compare again the electric field components from the simulation to those obtained for the classical and general-relativistic dipole. The non vanishing components in Newtonian gravity are derived from the potential
This function is compared to the simulations in fig. 3 . The analytical results is retrieved to very good accuracy, more than 3 digits, and also in the quantum case. Actually both results are undistinguishable, they overlap perfectly. We conclude that QED has little impact on the dipolar electromagnetic field structure and can be neglected. The same observations apply to the general-relativistic fields where comparisons are made possible thanks to some approximate solutions given to first order in R s by eq. (55) in Pétri (2013) . We compare this analytical solution for f
to the output of our simulations in fig. 4 . Both simulation results overlap and agree with the approximate analytical solution. GR leads to much stronger perturbations of the electromagnetic field compared to QED as in the monopole field. Here again QED can be ignored. 
Vacuum orthogonal dipole
Let us continue with the most interesting case, the orthogonal rotator which emits strong amplitude low frequency electromagnetic waves in vacuum. As a diagnostic, we compute the Poynting flux, i.e. its spindown luminosity depending on the two parameters presented in table 1. The typical spin-down luminosity, used for normalization, is given by the classical flat space-time orthogonal rotator
We also investigated the influence of the neutron spin depicted by the ratio R/r L . Results are shown in fig. 5 . We distinguish three different gravity regimes. The first one is Newtonian gravity thus flat space-time shown as N (for Newtonian) in the legend, the second is a Schwarzschild metric not including frame-dragging effects depicted by S (for Schwarzschild) in the legend and a third full GR regime with lapse function different from unity and non-vanishing Table 2 . Spindown luminosity for the vacuum orthogonal rotator in several approximations.
shift vector denoted by R (for rotating). There is no distinction between classical and QED spindown luminosity. Both cases overlap again to high accuracy. However, to better assess the discrepancy between both regime, the explicit value of the Poynting fluxes are reported in table 2. Values agree within 3 to 4 digits. In all cases, the spindown shows a small dependence on the spin rate through the ratio R/r L . In the often quoted point dipole limit, R = 0 and such dependence would disappear. However, when the finite size of the star is taken into account, electric charges and currents built on the stellar surface and exert an additional torque on the star. Moreover this charge distribution induces an electric quadrupolar field that contributes to the overall electromagnetic radiation and spindown losses. These electric corrections add terms proportional to powers of a thus explaining the variation of L vac dip with spin frequency. In the plot, we also recognize an opposite slope in the dependence on the spin, negative for Newtonian gravity and positive for GR. The negative slope of Newtonian gravity is reminiscent of the lowest order corrections given by
The increase is spindown luminosity in the general-relativistic case can partially be attributed to the increase in the strength of the transverse radiating magnetic field B T at the light cylinder. The ratio (B denoted theory in the legend. The upward trend is clearly apparent although it does not account for the full increase. The case a = 0.5 is pathological because stellar boundary conditions strongly perturb these simple estimates. If frame-dragging is included, the actual rotation rate of the neutron star as measured by a local observer is reduced to a rate of Ω − ω thus decreasing the electric field at the surface. Consequently the spindown luminosity, proportional to a power of Ω in flat spacetime, is also slightly decreased as seen in fig. 5 , compare the "R" cases to the "S" cases.
Vacuum oblique dipole
We finish with the oblique rotator by estimating the dependence of the spindown luminosity on the inclination angle χ of the dipole. The Poynting flux with respect to a, log(b) and χ is shown in fig. 6 for Newtonian gravity and in fig. 7 for general relativity. Here again we do not notice any significant deviation from the classical approximation neither in the Newtonian regime nor in general relativity. The points are taken from the simulations whereas the solid curves are best fits obtained by adjusting to a sin
The precise values are reported in Table 3 comparing Newtonian and general-relativistic gravity. As the ratio R/r L decreases, both kind of curves, Newtonian and general-relativistic, tend to the function sin 2 χ, the former from below and the latter from above which means lim a→0 L vac ⊥ = 1.
FFE results
To be as exhaustive as possible we proof that our conclusions extend to the plasma filled magnetosphere. Thus we undertook simulations for FFE electrodynamics including GR and QED corrections. The results are discussed in the following lines. Table 3 . Best fit parameter
2 χ of the vacuum oblique rotator in Newtonian and general-relativistic case for weak and strong magnetic fields.
FFE monopole
The FFE monopole case is of particular importance because exact analytical solutions are known in special relativity although a monopole magnetic field is not realistic. We compare the spindown luminosity found from our simulations to the exact analytical expression in classical Newtonian gravity and in general relativity. The analytical results is retrieved to good accuracy in the classical but also in the quantum case. Actually both results are undistinguishable, they overlap nicely, see fig. 8 . We conclude that QED has little impact on the FFE monopole structure and can be neglected. QED corrections do not have a significant impact on the global topology of the plasma filled magnetosphere.
FFE aligned dipole
The same study is performed for the rotating dipole. We compare again the spindown luminosity obtained from several simulations. Classical and quantum cases are here also undistinguishable, see fig. 9 . QED has little impact on the FFE dipole structure and can be neglected.
FFE orthogonal dipole
Let us continue with the most interesting case, the orthogonal rotator. We also investigated the influence of the neu- Table 4 . Spindown luminosity for the FFE aligned rotator in several approximations.
tron spin depicted by the ratio R/r L . Results are shown in fig. 10 . There is no distinction between classical and QED spindown luminosity. Both cases overlap again to high accuracy. Table 5 . Spindown luminosity for the FFE orthogonal rotator in several approximations.
FFE oblique dipole
We finish with the oblique rotator by estimating the dependence of the spindown luminosity on the inclination angle χ of the dipole. The Poynting flux with respect to a, log(b) and χ is shown in fig. 11 for Newtonian gravity and in fig. 12 for general relativity. Here again we do not notice any significant deviation from the classical approximation neither in the Newtonian regime nor in general relativity. The points are taken from the simulations whereas the solid curves are best fits obtained by adjusting to a sin 2 χ dependence such that
The precise values are reported in Table 6 comparing Newtonian and general-relativistic gravity. As the ratio R/r L decreases, both kind of curves, Newtonian and general-relativistic, tend to the function sin 2 χ, the former from below and the latter from above as was already noticed for the vacuum case. Note that for all dipolar FFE magnetosphere with a = 0.1, the discrepancy between classical and quantum results deviate more than expected because of the numerical resolution which should be increased to accurately resolve the polar caps. It is an effect of the grid not physics. 
Conclusion
Strongly magnetized rotating fields in vacuum such as the one expect in neutron star systems and especially in magnetars are responsible for their electromagnetic activity like pair creation and very high energy emission processes which are effectively observed at Earth. Thus in some sense we get indirect insights into the physics of such strong fields.
In this paper we have shown that despite the presence of magnetic field strengths around the critical field, QED corrections would not lead to drastic changes in the global electrodynamics of a neutron star magnetosphere, especially not in the rate of braking through electromagnetic radiation of the large amplitude low frequency electromagnetic wave in vacuum. Filling the magnetosphere with a high density ultra-relativistic pair plasma leading to the force-free regime does not modify this outcome.
So far our results have been restricted to fields B B Q because of the first order QED Lagrangian we used. However, for very intense fields B ≫ B Q we do not expect the QED effect to become dominant because asymptotically, the perturbation of the Lagrangian scales as ln(B/B Q ) and would require unrealistically high fields to become comparable to the unperturbed Lagrangian (Landau & Lifchitz, 1989) . Consequently, our results are fairly robust even in the extreme case of high-B field magnetars.
